Direct and large eddy simulations of hydrodynamic and hydromagnetic turbulence have been performed in an attempt to isolate artifacts from real and possibly asymptotic features in the energy spectra. It is shown that in a hydrodynamic turbulence simulation with a Smagorinsky subgrid scale model using 512 3 meshpoints two important features of the 4096 3 simulation on the Earth simulator (Kaneda et al. 2003, Phys. Fluids 15, L21) are reproduced: a k −0.1 correction to the inertial range with a k −5/3 Kolmogorov slope and the form of the bottleneck just before the dissipative subrange. Furthermore, it is shown that, while a Smagorinsky-type model for the induction equation causes an artificial and unacceptable reduction in the dynamo efficiency, hyper-resistivity yields good agreement with direct simulations in the nonhelical case. In the large scale part of the inertial range, an excess of the spectral magnetic energy over the spectral kinetic energy is confirmed. However, a trend towards spectral equipartition at smaller scales in the inertial range can be identified. With magnetic fields, no explicit bottleneck effect is seen.
INTRODUCTION
In astrophysical magnetohydrodynamic (MHD) turbulence, e.g. in stars, accretion discs, and the interstellar medium, the magnetic and fluid Reynolds numbers, ReM and Re, respectively, are very large. It is therefore of great interest to perform simulations with as large a Reynolds number as possible. However, the goal of reaching astrophysical values of ReM and Re is still far out of reach. The best we can hope for is therefore to find asymptotic trends such that one can extrapolate into the very large Reynolds number regime. However, even that is not really possible as the following estimate shows. As a rule of thumb, for a purely hydrodynamical simulation one needs at least an order of magnitude for resolving the dissipative subrange, one order of magnitude for the bottleneck (a shallower spectrum just before the dissipative subrange), and almost an order of magnitude for the forcing to become isotropic. This leaves basically nothing for the inertial range even for simulations with 1024 3 meshpoints. It is therefore only with simulations as big as 4096 3 meshpoints (Kaneda et al. 2003 ) that one begins to see an inertial range.
In MHD turbulence without imposed field, i.e. when the field is self-consistently generated by dynamo action, the magnetic energy spectrum peaks at a wavenumber that is by a certain factor larger than the wavenumber of the kinetic energy spectrum (Haugen et al. 2003) . This factor has been related to the value of the critical magnetic Reynolds number for dynamo action, ReM,crit. Specifically, kmag ≈ k kin Re 1/2 M,crit has been suggested (Subramanian 1998) , where kmag and k kin are the wavenumbers of the peaks of the magnetic and kinetic energy spectra, respectively, and ReM,crit ≈ 35; see, e.g., Haugen et al. (2004) . This leads to the conclusion that in MHD turbulence one needs an even larger Reynolds number than for purely hydrodynamical turbulence in order to have a chance to see an inertial range.
What has been found so far is that there is a certain range, kmag < ∼ k < ∼ k d , where the spectral magnetic energy exceeds the spectral kinetic energy Haugen et al. (2003 Haugen et al. ( , 2004 , i.e. there is spectral super-equipartition. While spectral super-equipartition is not a priori implausible, it is curious that this has not been seen in simulations with an imposed field. Such simulations with imposed field have recently been performed to verify the Goldreich & Sridhar (1995) theory of MHD turbulence (Cho & Vishniac 2000; Maron & Goldreich 2001) . More systematic studies of the resulting energy spectra as a function of the imposed field strength have been carried out by Haugen & Brandenburg (2004b) , who found that there is spectral equipartition only when the imposed field, B0, is of equipartition strength, i.e. B 2 0 ∼ µ0ρ0u 2 rms , where µ0 is the vacuum permeability and ρ0 is the mean density. If B0 is larger, the magnetic spectrum is always in sub-equipartition.
The case of an imposed field is usually thought to be representative of the conditions deep in the inertial range. Thus, the observed super-equipartition does seem to be in conflict with this result. This is also supported by the well known fact that in the solar wind, kinetic and magnetic energy spectra follow a power law with an −5/3 exponent over several decades (Bershadskii & Sreenivasan 2004) . In this work we want to elucidate this puzzle by comparing direct simulations with simulations using hyperviscosity and hyperresistivity, as well as Smagorinsky subgrid scale (SGS) modelling, in order to imitate larger Reynolds numbers. For recent comparisons between direct and Smagorinsky SGS simulations; see Agullo et al. (2001) and Müller & Carati (2002a,b) , where also decaying turbulence is considered, albeit only at a resolution of 64 3 meshpoints. This was too small to discuss the shape of the energy spectra. Recent simulations using hyperviscosity have shown that at large enough resolution (512 3 meshpoints) the same k −0.1 correction to the Kolmogorov k 5/3 inertial range spectrum is seen (Haugen & Brandenburg 2004a) 
as in the 4096
3 meshpoints direct simulations of Kaneda et al. (2003) . In the present paper we compare these two simulations also with new Smagorinsky SGS models.
METHOD
We solve the compressible non-ideal MHD equations,
where D/Dt = ∂/∂t + u · ∇ is the advective derivative, p is pressure, ρ is the density, f is an isotropic, random, nonhelical forcing function with power in a narrow band of wavenumbers, B is the magnetic field, J = ∇ × B/µ0 is the current density and Fvisc is the viscous force (see below). We consider an isothermal gas with constant sound speed cs, so that the pressure is given by p = c 
The induction equation is solved in terms of the magnetic vector potential A,
where B = ∇ × A is the magnetic flux density, and Eres is the electric field due to resistive effects (see below). In the following, different combinations of expressions for Fvisc and Eres have been explored. For all simulations we have
where
is the traceless rate of strain tensor. In a direct simulation we simply use constant values of ν and η, i.e.
In the case of a Smagorinsky SGS model we use ν = νS and η = ηS where (7) where CK is the Smagorinsky constant, CM is the magnetic Smagorinsky constant, and ∆ is the filter size, which we have set equal to the mesh size. This version of the magnetic Smagorinsky SGS model has also been studied by Agullo et al. (2001) . Following our experience from earlier work (Haugen & Brandenburg 2004a ) we choose CK = 0.2, but we vary the value of CM. In simulations with hyperviscosity we replace
in equation (4), and use constant coefficients, referred to as ν = ν3 and η = η3. Following Haugen & Brandenburg (2004a) , we use constant dynamical hyperviscosity, ρ0ν3 = const, in which case a positive viscous heating term can be defined.
For all simulations we use the Pencil Code 1 , which is a grid based high order code (sixth order in space and third order in time) for solving the compressible hydrodynamic equations.
RESULTS
In an earlier paper (Haugen & Brandenburg 2004a) we have shown that, although in purely hydrodynamic turbulence hyperviscosity causes an artificially enhanced bottleneck effect, it does not affect the inertial range if the resolution is big enough. Instead, hyperviscous simulations with 512 3 meshpoints reproduce the k −0.1 correction with wavenumber k. This was first found by Kaneda et al. (2003) . We begin by comparing these results with simulations where Smagorinsky SGS viscosity is used.
Hydrodynamic turbulence
In Fig. 1 we compare kinetic energy spectra of runs using ordinary viscosity (4096 3 meshpoints, solid line) by Kaneda et al. (2003) with runs using Smagorinsky viscosity (512 3 meshpoints, dashed line) and runs using hyperviscosity (512 3 meshpoints, dash-dotted line). Since the simulation with 4096 3 meshpoints and ordinary viscosity is the largest direct simulation to date, we use it as our benchmark. We see that at all scales (including the bottleneck) the simulation with Smagorinsky SGS modelling is surprisingly similar to the benchmark result. Furthermore we see that at large scales and in the inertial range the run with hyperviscosity agree well with the benchmark result. The bottleneck is however greatly exaggerated in height, even though the width is the same (Haugen & Brandenburg 2004a) . 
Hydromagnetic turbulence
For the MHD case we use a 1024 3 meshpoints simulation with ordinary viscosity as our benchmark (Haugen et al. 2003) . We compare with the SGS model where Smagorinsky schemes are used both for the velocity and the magnetic fields. In the following we refer to this as Method I. In Fig. 2 we show however that the agreement with the benchmark is poor. The dynamo-generated magnetic energy remains far below the benchmark target. The largest value of the magnetic energy is reached for CM = 0.3, but even then it is only about 30% of the target value. We note, however, that the Smagorinsky SGS model has, to our knowledge, never been tested in the context of dynamo action.
It turns out that much better agreement can be achieved using hyperresistivity. In the momentum equation we use either still the usual Smagorinsky SGS model, which is referred to as Method II, or we use hyperviscosity (Method III). The results of these three methods are compared with those of direct simulations (Method O). In summary, the different methods considered below are Method I: νS and ηS (full Smagorinsky), Method II: νS and η3 (Smagorinsky/hyper), Method III: ν3 and η3 (full hyper), Method O: ν0 and η0 (benchmark).
We see from Fig. 3 that the compensated spectra with only 128 3 meshpoints, using both Methods II and III, match the benchmark very well at all scales down to the dissipative scale. We have compensated the energy spectra by k 5/3 ǫ −2/3 T , such that a Kolmogorov-like spectrum would be flat. Here ǫT = ǫK +ǫM, where ǫK and ǫM are the kinetic and magnetic dissipation rates, respectively. From this we conclude that, for our purpose, Methods II and III give useful results.
In Fig. 4 we compare compensated spectra for three simulations which all use Smagorinsky viscosity and hyperresistivity, but have different Reynolds numbers. We see that, unlike the purely hydrodynamic case, the dissipative subranges do not collapse onto the same functional form for different Comparison of magnetic and kinetic energy spectra of runs with 1024 3 meshpoints and normal diffusion (solid line) with 128 3 meshpoints and hyperdiffusion (dash-dotted line), and with 128 3 meshpoints and Smagorinsky viscosity and hyperresistivity (dashed line). Note that both the magnetic and kinetic energy spectra for the three runs are very similar for k/k d < 0.1. The kinetic energy spectrum of the 1024 3 run has however been multiplied with 1.3 in order to make all spectra overlap. We believe the shift is due to the fact that the 1024 3 run has not been run for very long, and the averages are therefore not very good.
Reynolds numbers. On the other hand, for purely hydrodynamical simulations (Haugen & Brandenburg 2004a ) the dissipative subranges collapse very well onto the same functional form and the inertial range simply becomes longer for larger Reynolds numbers. Furthermore, in Fig 1 of Haugen & Brandenburg (2004a) we see that the bottleneck is similar and constant for all Reynolds numbers. Again, in the MHD simulation we see nothing similar.
In Fig. 5 we have shown the same as in Fig. 4 , but using hyperviscosity instead of Smagorinsky viscosity. We clearly see that the tendency is the same in both figures. . Magnetic and kinetic energy spectra for runs with 128 3 , 256 3 and 512 3 meshpoints where all of them use Smagorinsky viscosity and hyperresistivity. Note the approach of the kinetic energy spectra towards the magnetic energy spectra at a point that is well before entering the bottleneck and the dissipative subrange. Since the bottleneck effect is quite different for simulations with Smagorinsky viscosity and hyperviscosity (see Fig. 1 ), it is reasonable to assume that the tendency we see is robust and not due to the specific modelling applied, but that it is a physical effect.
Finally, we compare in Fig. 6 spectra of Smagorinsky and hyperviscous simulations using the highest available resolution of 512 3 meshpoints. Again, see that the spectra for hyperviscous simulations and those with Smagorinsky SGS modelling are almost identical. Furthermore, there is no range where both kinetic and magnetic energy spectra are parallel. Together with the results of Figs 4 and 5 we therefore conclude that we have not yet reached Reynolds numbers large enough to show an inertial range. Figure 7 . Sketch of the anticipated kinetic and magnetic energy spectra in the large Reynolds number limit for Pr M = 1. Note the slight super-equipartition just to the right of the peak of E M (k) and the asymptotic equipartition for large wavenumbers.
SPECULATIONS ON ASYMPTOTICS
The direct MHD simulations of Haugen et al. (2003) have suggested the presence of a super-equipartition range where EM(k) ∼ 2.5EK(k). However, the spectra still showed some weak bending, indicating that a proper inertial range has not been reached even at a resolution of 1024 3 meshpoints (Schekochihin et al. 2004 ). The present SGS models confirm the spectral super-equipartition of magnetic over kinetic spectral energy (Fig. 6 ), but they also show now more clearly that the two spectra are not parallel to each other. Instead, they approach each other in such a way that the compensated kinetic energy spectrum shows a strong uprise.
One might argue that the uprise at the end of the compensated kinetic spectrum is just a strong bottleneck. This is however unlikely since both SGS models give the same uprise, even though in purely hydrodynamic turbulence the hyperviscosity model is known to produce a much higher bottleneck than the Smagorinsky model ( §3.1). Furthermore, in hydrodynamic turbulence the width of the bottleneck is independent of Reynolds number, whereas in the present case it appears to become wider with increasing Reynolds number. This suggests that the uprise in the MHD case is a true large scale feature of the spectrum, and independent of the dissipative subrange.
Next, we recall that in simulations with an imposed magnetic field, the magnetic and kinetic energy spectra are found to be in approximate equipartition only when the field strength is of the order of Beq (Haugen & Brandenburg 2004b) . Such simulations are thought to be representative of the small scale range of any MHD simulation, even if the field is generated by a small scale dynamo as in the present case. Assuming that this interpretation is correct, it would support our previous suggestion that the spectral super-equipartition was only a non-asymptotic feature, confined to the large scales, and not a true inertial range feature. We are therefore led to believe that for much larger Reynolds numbers the kinetic and magnetic energy spectra might look like what is sketched in Fig. 7 .
Here the possibility of a bottleneck is also indicated, but we emphasize again that there is currently no evidence for this. If there is indeed no bottleneck in MHD turbulence, this might be caused by a stronger degree of nonlocality in MHD, which might lead to the exchange of magnetic and kinetic energies between rather different scales.
CONCLUSIONS
The results of subgrid scale models should always be taken with great care. Even if their results can be trusted in one case (e.g. in the case without magnetic fields), they may not give reliable results in another case (e.g. in the presence of magnetic fields and dynamo action). However, once we begin to see detailed agreement between SGS models and direct simulations, it may be possible to use this agreement to justify the use of the SGS model in more extreme parameter regimes that are currently inaccessible to direct simulations.
In the present work we have shown that the Smagorinsky SGS model with a resolution of 512 3 meshpoints is able to reproduce the hydrodynamic turbulence spectra of a direct simulation at an almost 10 times larger resolution (Fig. 2) . On the other hand, an extension of this model to the MHD case with dynamo action leads to obvious problems (the intensity of the dynamo is artificially suppressed). However, using hyperresistivity instead of a Smagorinskytype SGS model leads to fair agreement between the 128 3 SGS simulation and the nearly 10 times larger direct simulation (Fig. 3) . Thus, having validated the SGS model at 128 3 meshpoints, we may be justified in proceeding further to a resolution of 512 3 meshpoints (Fig. 6 ). Here, a new and yet unconfirmed feature arises: a tendency towards spectral equipartition. This, together with the knowledge that there is spectral equipartition with imposed fields of equipartition strength (Haugen & Brandenburg 2004b) , suggests a spectrum that might look like what is shown in Fig. 7 .
Obviously, we will not be able to verify this result in the immediate future. Although it may soon be possible to obtain the resources necessary to do a 4096 3 MHD simulation to validate the results of Fig. 6 , yet another order of magnitude in improved resolution will be necessary to test the hypothesis sketched in Fig. 7 . Our results may therefore serve as a justification for using future computing resources for this type of problem.
Our result that hyperresistivity yields a relatively accurate SGS model for MHD turbulence with dynamo action, cannot be generalized to the case with helicity -at least not when the boundaries do not permit magnetic helicity fluxes. This is because such turbulence is strongly governed by magnetic helicity conservation, where the steady state field must have zero current helicity (Brandenburg 2001) . However, with hyperresistivity this condition is modified, resulting in an exaggerated saturation field strength (Brandenburg & Sarson 2002) . Whether or not this is of practical concern in realistic cases, where boundaries are open and the degree of helicity is finite, remains to be seen.
